
VU Research Portal

Divide and colour models

Balint, A.

2009

document version
Publisher's PDF, also known as Version of record

Link to publication in VU Research Portal

citation for published version (APA)
Balint, A. (2009). Divide and colour models. [PhD-Thesis - Research and graduation internal, Vrije Universiteit
Amsterdam].

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal ?

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

E-mail address:
vuresearchportal.ub@vu.nl

Download date: 24. May. 2023

https://research.vu.nl/en/publications/7cf1cb58-7465-42bf-a39d-8519907ea004


SummaryThis thesis is concerned with the study of `divide and colour' (DaC) models, whichis a very general class unifying several mathematically and physically importantmodels, see below. The de�nition of DaC models is very simple. Given a set V ,one �rst takes a partition of V (i.e., considers disjoint subsets of V whose union is
V) according to some rule, then assigns to each resulting subset a random colour(or spin) chosen from a �nite set S (i.e., the same spin is assigned to each elementin the subset), independently for di�erent subsets. We are usually interested inthe resulting spin con�guration; the only role of partitioning V is to introducedependence between the colour of di�erent elements of V .Our main object of interest is when V is the vertex set of the triangular lattice
T or the square lattice Z

2, see Figure 1, and partitioning the vertices is done asfollows. We draw a random edge con�guration Y with distribution ΦL
p,q, where ΦL

p,qis the Fortuin-Kasteleyn (FK) random-cluster measure with edge-weight p ∈ [0, 1]and cluster-weight q > 0 on the lattice L = T or L = Z
2. For each edge, there aretwo possibilities: we either have Y (e) = 0 in which case we call the edge closed, or

Y (e) = 1 when we call e open. Then we consider two vertices v, w ∈ V to be in thesame subset of the partition of V if and only if they are in the same bond clusterin Y , that is, if one can get from v to w by going through open edges only. We callDaC models that are constructed in this way DaC(q) models. The name `divideand colour' originates from Häggström, who in [6] introduced and studied a modelwhich is the DaC(1) model in the above terminology, and termed it the divide andcolour model.The main motivation for studying DaC(q) models is that certain special casesare well-known and much-studied models. In particular, regardless of the value ofthe cluster-weight q, if the edge-weight p equals 0, then Y is such that all edgesare closed, hence we get Bernoulli site percolation, i.e., independent, identicallydistributed colouring of vertices. Another important case is when q = 2, S =
{−1, +1}, and each spin has probability 1/2 to be assigned to a bond cluster. Thisgives the Ising model, an (over)simpli�ed model for ferromagnetism, which may bethe most famous spatial model of statistical physics, having been studied by various1



2

Figure 1: A piece of the square lattice Z
2 (left) and the triangular lattice T (right).Circles represent the vertices, and a line between two circles represents an edgebetween the corresponding vertices.authors up to the present day. With a �xed integer q ≥ 2, the DaC(q) model with

S = {1, 2, . . . , q} and probability 1/q assigned to each of the q possible spins, weget the q-state Potts model, which is a standard generalisation of the Ising modelwith q colours in place of 2. Finally, taking spin set S = {1, 2, . . . , s} with spin ihaving colouring probability ai = ri/q where r1, r2, . . . , rs are positive integers suchthat ∑s

i=1
ri = q yields the fuzzy Potts model, which arises by identifying certainspins in the Potts model. The parameter p is related to the temperature in theIsing and (fuzzy) Potts models: small values of p correspond to high temperatures,and large p-values to low temperatures. We believe that studying DaC(q) modelswith a real parameter q > 0 and more general colouring distributions will help tohave a better understanding of the above important physical models. Our resultsin Chapters 4 and 5 (see below) are the most relevant in this regard.Having discussed the motivation for the study of DaC(q) models, now we givea brief summary of the main results in the di�erent chapters. Chapters 2, 3, and4 are concerned with the question of when (i.e., at what values of the parameters)do we have an in�nite monochromatic component (that is, an in�nite connectedvertex set whose elements are all of the same colour). The answer may dependof course on whether there is an in�nite bond cluster already in the random bondcon�guration Y . It is well-known that for any �xed q ≥ 1, there exists a criticalvalue pLc (q) (where L = T or L = Z

2) such that all bond clusters are �nite if
p < pLc (q) whereas there exists a unique in�nite bond cluster if p > pLc (q). Inparticular, the relevant values for the DaC(1) model, the topic of Chapters 2 and
3, are pZ

2

c (1) = 1/2 (see [7]) and pT

c (1) = 2 sin(π/18) (see [12] and also [10, 11]).In Chapters 2 and 3, we look at the DaC(1) model with two colours: black andwhite, with black having probability r, white 1 − r. It is easy to see that bothfor L = T and L = Z
2, for all p > pLc (1), there exists an in�nite monochromaticcomponent, which is black with probability r, and white with probability 1− r. It



3also follows easily from classical results (see [5]) that at p = pLc (1), the structure ofbond clusters is so special that there can be an in�nite monochromatic componentonly for r = 0 or r = 1, where all vertices are coloured the same. Therefore, theonly question left is what happens for p < pLc (1).We show in Chapter 2 that on the triangular lattice T, we have a percolationphase transition at r = 1/2, that is, for all p < pT

c (1), we have the following. For
r < 1/2, there exists an in�nite white component but no in�nite black component;for r = 1/2, there is no in�nite component of either colour; for r > 1/2, there is anin�nite black component but no in�nite white component.In order to state our result for the square lattice as well, we need to de�nethe concept of a ∗-component, which is the same as a component except thatdiagonal connections are also allowed, see Figure 2. We prove that on Z

2, there
Figure 2: A black component (left), and a black ∗-component which consists oftwo black components (right).is a duality between percolation and ∗-percolation, as follows. For all p < pZ

2

c (1),there exists a critical colouring value 1/2 ≤ rc(p) < 1 such that for r < rc(p),there exists an in�nite white ∗-component but no in�nite black component; for
r = rc(p), there exists neither an in�nite white ∗-component nor and in�nite blackcomponent; for r > rc(p), there exists an in�nite black component but no in�nitewhite ∗-component.In addition to the �phase diagrams� on L = T and L = Z

2 given above, weprove in Chapter 2 that for all �xed p < pLc (1), the probability that a given vertexis in an in�nite black component is a continuous function of r, i.e., a small changein r results only in a small change of the above probability.The results in Chapter 2 do not determine the exact value of the critical value
rc(p) for the DaC(1) model on Z

2. In Chapter 3, by a modi�cation of the methodsin [9], we obtain a procedure which gives a con�dence interval for rc(p) with an ar-bitrarily high con�dence level under the assumption that one can generate randomvariables with uniform distribution on the interval [0, 1], and apply the method incomputer simulations. In particular, if we accept that the numbers given by one of



4the most used and trusted random number generators, the Mersenne Twister [8],can be treated as genuinely random, then we can be 99.9999% con�dent that rc(p)is between the lower and upper bounds displayed in Figure 3.3 in the thesis.The simulation results suggest that we have rc(p) > 1/2 for all p < pZ
2

c (1),which would mean that the DaC(1) model on the square lattice is qualitativelydi�erent from the DaC(1) model on T, where the critical colouring probability is
1/2 for all p < pT

c (1). However, the di�erence seems to disappear as p tends to
1/2. An intuitive explanation of this matter and further discussion of the resultscan be found in Section 3.3.In Chapter 4, we consider the DaC(2) model with two colours, where againblack has probability r, and white probability 1 − r. As before, we are interestedin what the critical colouring probability is when p < pLc (2). By entirely di�erentmethods from those in Chapter 2, we obtain that the phase diagram in the DaC(2)model on the triangular lattice T looks the same as in the DaC(1) model on T (seeabove). In particular, we prove that the critical colouring parameter is 1/2 for all
p < pT

c (2). For the square lattice, we conjecture (see Conjecture 2.1.7) that wehave the same duality between black percolation and white ∗-percolation in theDaC(2) model for p < pZ
2

c (2) as in the DaC(1) model for p < pZ
2

c (1) (see above),but we have not yet managed to prove this. Our only result concerning this caseat the moment is that the critical colouring probability is strictly greater than 1/2for all p < pZ
2

c (2).An important aspect of our results is the following. At r = 1/2, identifyingblack with the value +1 and white with −1, as noted earlier, the DaC(2) modelfor p < pLc (2) coincides with the high temperature Ising model. Therefore, on T(but not on Z
2), the Ising model corresponds to the critical point in the DaC(2)model. Since the DaC(2) model (just like all other DaC models) can be viewed asBernoulli site percolation on a random graph whose vertices are the bond clusters,we can conclude that the high temperature Ising model on the triangular latticeactually is critical Bernoulli percolation on a random graph. Therefore, our resultprovides the �rst direct link between high temperature Ising percolation on T andcritical Bernoulli percolation, justifying (but not proving!) thereby the well-knownconjecture that the high temperature Ising model on T is in the universality classof Bernoulli site percolation.In Chapter 5, we study a rather di�erent topic, namely the Gibbs and Markovproperties of DaC(q) measures. Gibbsianness of a measure on colour con�gurationsroughly means that for a vertex set W , knowledge about colours of vertices veryfar away from W does not in�uence the colour con�guration in W (this propertyis called quasilocality of the measure), furthermore that for a spin con�guration σon W , whatever spin con�guration is given outside W , we still have a probabilitybounded away from 0 to see σ occurring in W (this is called uniform nonnullness).Markovianness means that the only vertices whose colour in�uences the colour



5con�guration in W are those right next to W (i.e., at distance 1 from W ).For any integer q ≥ 2, the q-state Potts model is known to be both Gibbsian andMarkovian, hence so is the DaC(q) model with q ∈ {2, 3, . . .}, a1 = a2 = . . . = as =
1/q, regardless of the value of p. We give an alternative proof of this fact in Chapter5 that does not use the relation of the DaC(q) model to the Potts model. In all othercases however, the value of p does matter. We prove that for all �xed q ≥ 1 and
d ≥ 2, in the DaC(q) model on the d-dimensional hypercubic lattice Z

d, we haveGibbsianness for small values of p (i.e., in the regime which corresponds to hightemperature), and no Gibbsianness for large p because quasilocality fails (whereasuniform nonnullness holds for all p < 1), except in the above mentioned specialcase. We also show that among the DaC(q) models on Z
d, we have Markoviannessonly in the �Potts case.� Therefore, our results demonstrate the exceptional role ofthe Potts model among DaC(q) models, and in this way complement the results inChapter 4 that show the special role of the Ising model among the DaC(2) modelson T regarding percolation.The results presented in this thesis are based on the following research papers:Chapter 2 on [3], Chapter 3 on [2], Chapter 4 on [4], and Chapter 5 on [1]. Allthe chapters contain (mostly minor) deviations from the above mentioned papersin order to avoid unnecessary repetitions of de�nitions and lemmas. Furthermore,while each of the papers [4, 3, 2] focuses on one particular DaC model, here we tryto mention if certain results hold in a higher generality, e.g., for all DaC(q) modelswith q ≥ 1, or even for all DaC models.
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